Abstract. We present an accessible account of Voevodsky's construction of a univalent universe of Kan fibrations.
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Representability of fibrations
Definition 1. Let X be a simplicial set. A well-ordered morphism f : Y / / X is a pair consisting of a morphism into X (also denoted by f ) and a function assigning to each simplex x ∈ X n a well-ordering on the fiber Y x := f −1 (x) ⊆ Y n .
If f : Y / / X, f ′ : Y ′ / / X are well-ordered morphisms into X, an isomorphism of well-ordered morphisms from f to f ′ is an isomorphism Y ∼ = Y ′ over X preserving the well-orderings on the fibers.
Remark 2. Since we require no compatibility conditions, there are infinitely many (specifically, 2 ω ) well-orderings even on the map 1 ∐ 1 / / 1. The well-orderings are haphazard beasts, and not of intrinsic interest; they are essentially just a technical device to obtain Lemma 5.
Proposition 3. Given two well-ordered sets, there is at most one isomorphism between them. Given two well-ordered morphisms over a common base, there is at most one isomorphism between them.
Proof. The first statement is classical, and immediate by induction; the second follows from the first, applied in each fiber.
Definition 4. Fix (once and for all) a regular cardinal α. Say a map f : Y / / X is α-small if each of its fibers Y x has cardinality < α.
Given a simplicial set X we define W α (X) to be the set of isomorphism classes of α-small well-ordered morphisms f : Proof. Suppose F : I / / sSets is some diagram, and X = colim I F is its colimit, with injections ν i :
is an isomorphism. To see that it is surjective, suppose we are given [
For each x ∈ X n , choose some i andx ∈ F (i) with ν(x) = x, and set Y x := (Y i )x. By Proposition 3, this is well-defined up to canonical isomorphism, independent of the choices of representatives i,x, Y i , f i . The total space of these fibers then defines a well-ordered morphism f : Y / / X, with fibers smaller than α, and with pullbacks isomorphic to f i as required.
For injectivity, suppose f, f ′ are well-ordered morphisms over X, and ν * i f ∼ = ν * i f ′ for each i. By Proposition 3, these isomorphisms agree on each fiber, so together give an isomorphism f ∼ = f ′ . Proof. Given X ∈ sSets, we have isomorphisms, natural in X:
Notation 7. Given an α-small well-ordered map f : Y / / X ∈ W α (X), the corresponding map X / / W α will be denoted by f .
Applying the natural isomorphism above to the identity map W α / / W α gives a universal α-small well-ordered simplicial set W α / / W α . Explicitly, n-simplices of W α are pairs
i.e. the fiber of W α over an n-simplex f ∈ W α is exactly (an isomorphic copy of) the main fiber of f . So, by construction:
Corollary 9. The canonical projection W α / / W α is weakly universal for α-small morphisms of simplicial sets; that is, any such morphism can be given (not necessarily uniquely) as a pullback of the projection.
Proof. By the well-ordering principle and the axiom of choice, one can wellorder the fibers, and then use the universal property of W α .
Definition 10. Let U α ⊆ W α (respectively, U α ⊆ W α ) be the subobject consisting of α-small well-ordered fibrations 1 ; and define π : U α / / U α as the pullback:
Proof. Consider a horn to be filled
where by the definition of U α , x is a fibration. Thus the left square admits a diagonal filler, and hence so does the outer rectangle.
Proof. For '⇒', assume that f : Y / / X is a fibration. Then the pullback of f to any representable is certainly a fibration:
so f (x) = x * f ∈ U α , and hence f factors through U α . Conversely, suppose f factors through U α . Then we obtain:
where the lower composite is f , and the outer rectangle and the right square are pullbacks. Hence so is the left square, so by Lemma 11 f is a fibration.
As an immediate consequence we obtain the following corollary.
Corollary 13. The functor U α is representable, represented by U α . The map π : U α / / U α is universal for α-small well-ordered fibrations, and weakly universal for α-small fibrations.
Fibrancy of U α
Our next goal is to prove the following theorem.
Theorem 14. The simplicial set U α is a Kan complex.
Before proceeding with the proof we will gather four useful lemmas. The first two, on the theory of minimal fibrations, come originally from [Qui68] and [BGM59] . Since these two lemmas contain all that we need to know about minimal fibrations, we treat the notion as a black box, and refer the interested reader to [May67] for more.
Lemma 15 (Quillen's Lemma, [Qui68] 
For the last outstanding lemma, the proof we give is due to André Joyal, somewhat simpler than Voevodsky's original proof. We include details here since the original [Joy11] is not currently publicly available. For this, and again for Theorem 28 below, we make crucial use of exponentiation along cofibrations; so we pause first to establish some facts about this. 
If t is α-small, then t ′ may be chosen to also be.
Proof. Take (Y ′ , t ′ ) := j * (Y, t). By part 1 of Lemma 17, this is a trivial fibration; by part 2, j * Y ′ ∼ = Y ; and by part 3, it is small.
We are now ready to prove that U α is a Kan complex.
Proof of Theorem 14.
We need to show that we can extend any horn in U α to a simplex:
< < By Corollary 13, such a horn corresponds to an α-small well-ordered fibration q :
To extend q to a simplex, we just need to construct an α-small fibration Y ′ over ∆[n] which restricts on the horn to Y :
By the axiom of choice one can then extend the well-ordering of q to q ′ , so the map q ′ : ∆[n]
/ / U α gives the desired simplex. By Quillen's Lemma, we can factor q as
where q t is a trivial fibration and q m is a minimal fibration. Both are still α-small: each fiber of q t is a subset of a fiber of q, and since a trivial fibration is onto, each fiber of q m is a quotient of a fiber of q. By Lemma 16, we have an isomorphism
, and hence a pullback diagram:
By Lemma 18, we can then complete the upper square in the following diagram, with both right-hand vertical maps α-small fibrations:
.
Since α is regular, the composite of the right-hand side is again α-small; so we are done.
Representability of weak equivalences
To define univalence, we first need to construct the object of weak equivalences between fibrations p 1 : E 1 / / B and p 2 : E 2 / / B over a common base. In other words, we want an object representing the functor sending (X, f ) ∈ sSets/B to the set Eq X (f * E 1 , f * E 2 ). As we did for U α , we proceed in two steps, first exhibiting it as a subfunctor of a functor more easily seen (or already known) to be representable.
For the remainder of the section, fix fibrations E 1 , E 2 as above over a base B. Since sSets is locally Cartesian closed, we can construct the exponential object between them:
/ / B denote the internal hom from E 1 to E 2 in sSets/B.
Then for any X, a map X / / Hom B (E 1 , E 2 ) corresponds to a map f : X / / B, together with a map u : f * E 1 / / f * E 2 over X. Together with the Yoneda lemma, this implies the explicit description: an n-simplex of Hom B (E 1 , E 2 ) is a pair
Proof. The functor (−) × B E 1 : sSets/B / / sSets/B preserves trivial cofibrations (since sSets is right proper); so its right adjoint Hom B (E 1 , −) preserves fibrant objects.
Within Hom B (E 1 , E 2 ), we now want to construct the subobject of weak equivalences.
Lemma 21. / / B, and set 
Each π n (f b ) is an isomorphism, so by the Five Lemma, so is each π n (f ). Thus f is a weak equivalence.
Proof. Suppose we wish to fill a square:
where i : A / / B is a cofibration. By the universal properties of U α and Eq( U α ), these data correspond to a weak equivalence w : E 1 / / E 2 between small well-ordered fibrations over A, and an extension E 2 of E 2 to a small, well-ordered fibration over B; and a filler corresponds to an extension E 1 of E 1 , together with a weak equivalence w extending w:
As usual, it is sufficient to construct this first without well-orderings on E 2 ; these can then always be chosen so as to extend those of E 2 .
Recalling Lemmas 17-18, we define E 1 and w as the pullback
in sSets/B, where η is the unit of i * ⊣ i * at E 2 . To see that this construction works, it remains to show: (a) i * E 1 ∼ = E 1 in sSets/A, and under this, i * w corrsponds to w; (b) E 1 is small over B; (c) E 1 is a fibration over B, and w is a weak equivalence. For (a), pull the defining diagram of E 1 back to sSets/A; by Lemma 17 part 2, we get a pullback square
in sSets/A, giving the desired isomorphism. For (b), Lemma 17 part 3 gives that i * E 1 is α-small over B, so E 1 is a subobject of a pullback of α-small maps.
For (c), note first that by factoring w, we may reduce to the cases where it is either a trivial fibration or a trivial cofibration.
In the former case, by Lemma 17 part 1 i * w is also a trivial fibration, and hence so is w; so E 1 is fibrant over E 2 , hence over B.
In the latter case, E 1 is then a deformation retract of E 2 over A; we will show that E 1 is also a deformation retract of E 2 over B. Let H : E 2 × ∆[1]
/ / E 2 be a deformation retraction of E 2 onto E 1 . We want some 
